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SUMMARY

The final-stage rocket which projected Skylab into orbit on 14 May 1973
itself entered a nearly circular orbit at a height near 400 km, inclined at 500
to the equator. The rocket, designated 1973-27B, remained in orbit until
11 January 1975 and, being 25 m long arnd 10 m in diameter, was the brightest of
the artificial satellites then visible. Its orbit has been determinied at 62
epochs from some 5000 optical and radar obr:ervations. The average orbital
accuracy in perigee height and orbital inclination is 90 m, though some orbits
with Hewitt camera observations have much smaller sd (down to 10 m).

As the orbit contracted under the influence of air drag, it passed slowly
through the 31:2 geopotential resonance, when the track over the Earth repeats
every 31 revolutions at intervals of 2 days. The variations in inclination and
eccentricity during the resonance phase have been successfully analysed, after
some difficulties, and values have been obtained for six lumped 31st-order
harmonic coefficients in the geopotential; these will provide a crucial test of
the accuracy of future geopotential models.

The variation in inclination before and after resonance has been analysed
to determine the average atmospheric rotation rate A (rev/day). Results are:
A = 1.04 ± 0.05 at height 380 km between June 1973 and June 1974; A = 1.3Z ± 0.09
at height 305 km for October-December 1974; and A = 1.06 ± 0.06 at height 200 km
in January 1975. A rapid atmospheric rotation at heights of 300-350 kmi, deduced
previously by combining results from many satellites, is thus confirnled by a
single satellite.

The observed variations in eccentricity have been compared with those pre-
dicted by the (untested) theory for orbit contraction in an atmosphere with
strong (threefold) day-to-night variation in density. The comparison confirms
the accuracy of the theory and of the CIiA 19?2. atmospheric model.
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I NTRODUCT 1 ON

The fiua|-stage rocket which lirvd Skylab 1 into orbit on 16 Hay 1973 is

one of the largest objects ever to h•w' achieved a lengthy ,,rbital lile. Desig-

Ihated 1973-27B, it was a 3S-ton cylinder with a length of 25 m aud a diameter oi

IO m, so that its volume exceeded that el Skylab I itseli. During its 20-ulouth

orbital life, which ended on II January 1975, tile rocket was tile brightest of

artificial sat•.•llltes aud on all overhead trau•it was the most brilliauL objt:ct ill

the uight sky, ill the absunce of Veuus dlld tile btOOll.

The orbit was nearly circular and iuclined at 50° to tile equator, luitially,

tile average height was 400 km aud the orbital period 92.5 mhmtes. The orbit

seemed worthy of analysis because uualurous observations were available, aud

becauae tile orbit pass•-,d very slowly through the coudition of 31:'2 resonance,

when the satellite makes 31 revolut[ous while the Earth ,,;pins twice (relative to

tile orbital phme), Analysis of the orbital perturbationu aL till 'souance

offered tt',u chalice to obtaiu values of lumped 31st-order harmouics more accurate
than tile only others previously obtalned2, from Proton 4. which wa:• not ill :;uch a

favourable orbit. In additiou, tilt, variatiou hi inclination away frolll resollallci2

was expected to give values for the rut, atiou rate of the upper atmuspher,' over a

wide range of heights; aud there was the possibility of testing the theory for

tile contractiou of near-circular orbits ill an atlllosphere with strollg day-to-night

variatiou ill deusity.

2 Tile OBSERVATI ONS

Diril•g its first I% days ill orbit, 1973-27B ilassed llIost northeru-henlisl•here

observing stations in Lilt' daylight hours, and (apart from a sirhl ing by ,I. llewitt

aud tile author on 15 Hay from hagouissi in Greece) tilt, only observations avail-

:lb[o were two fronl Sydney, Australia, alld obaervatitms on 8 tram;[|,,; t't'om the

radar at RSRI'; .•lllvern =, not enough to allow tile deteruliuat, it•t• +•1 uub{ast, d orbits.

From June 1973 onwards, tla{ ly US Navy observations 1-I'[)111 tilt, Navspasur

system were available*, and orbits could have beell deterlllilled {11 dlly vhosell |{file.

t;out[ttUOllS otblt determination was uot necessary for It)?3-•,l•, ht•wever, except at

tile time of the 31:2 resonance aml a! tht, end of the ![le, so tile policy adopted

was to determine orbits whenever there were appreci;ll•|e lllllllbt'rH el olhct observa-

tions ill addition to tile |IS Navy ol)servati•uls. About 1500 o| the LIS Navy

obserwlt-ions were used, whJ, lc thv '• tc, ob,•:l\a•iot:,' lell it•t•, live t'¢l[e•,olies,

ns follows.
S....................................................-.r'* * Navsposur obserwltlous wt,,'t, being made in t.l,•v,. •1 course, but wvrt, •%,•t

0 requested unt { 1 ,]nile.

,i
i
{
! h '. ,
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First, and most accurate, were 28 transits recorded by the Hewitt cameras

at Malvern (27 transits) and Edinburgh (I transit), with accuracies between I

and 3 seconds of arc. A maximum of 5 observations per transit was used, although

on some transits only one or two observations were available.

Second in order of accuracy was the kinetheodolite at the South African

Astronomical Observatory. These observations, of accuracy between 30 and 100

seconds of arc, were available on 69 transits, usually with 2 observations per

transit, and had a profound influence on the values of the orbital parameters,

because of the accuracy of the observations and the sparsity of other southern-

hemisphere data.

The third and largest group of 'other observations', over 1400, came from

volunteer visual observers reporting to the Appleton Laboratory at Slough or the

Moonwatch Division of the Smithsonian Astrophysical Observatory. For the

majority of these observations the accuracies were between I and 4 minutes of arc

cross-track.

The tourth group of observations was from the radar tracker at RSRE Malvern.

Observations were available on 82 transits and a maximum of 3 observations per

transit was used, although sometimes only one was available. The average

accuracy was about I km in range and 3 minutes of arc in direction.

The fifth group consisted of wore than 1000 observations in the last 7 days

of the satellite's life, provided by the assigned and contributing sensors of the

North American Air Defense Conuand (NORAD) Space Detection and Tiacking System

(SPADATS). With these observations, and the US Navy and Malvern radar observa-

tions, it was possible to determine 6 excellent orbits at daily intervals at the

end of the life.

3 THE ORBITS

3.1 General

The orbits were determined using the PROP6 orbit refinement program ' , in

which each observation is given an a prý'oii" error, and the program proceeds by an

iterative process to reduce the measure of fit, t , where c is de[ined as the

sum of the squares of the weighted residuals, divided by the number ol degrees of

tiecdom. ThL weighted residual is Lhe residual in right ascension or declination,

divided by the a pr'ior-i error. If tile orbit f1its the obs( 'vIt iolS well, theI value of c shou1ld be ý,oenlwhnt loss t-han I, berause the i j' t errors are

L normally taken as round-number values souiewhaLt higher than the actual errors. Inl

the orbit refinement process, any observations with weighted residuals greater

than 31 are rejected.
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The orbit of 1973-27B proved unexpectedly difficult to determine, chiefly

because an excessive number of observations were rejected. Two reasons for this

difficulty are now apparent. Fii,;t, the brightness of 1973-27B enticed into

action a large number of new visual observers, whose accuracy did not match their

enthusiasm; in retrospect it would have been more efficient not to have used anly

of their observations. (The expjrienced visual observers gave realistic esti-

mates of their accuracy, as usual.) Second, nearly all the observations were

less accurate than usual, because of the satellite's large size, great brightnes&

and high apparent angular rate of travel (see section 4). Over all, about 25% of

the observations were rejected.

3.2 Accuracy of the orbital parameters

Orbits were determined at 62 epochs between 17 June 1973 and II January

1975. In the first year, before the 31:2 resonance began to take effect, orbits

were determined whenever there were substantial numbers of other observations to

support the US Navy observations: orbits were calculated at 27 epochs during

these 12 months, and US Navy observations at elevations less than 20 were not

used. During the months when resonance effects were appreciable (I July to

10 October 1974), as many orbits as possible (17) were determined, and the low

elevation US Navy observations were included. Between 16 October 1974 and decay,

the procedure reverted to the less intensive mode, and 18 orbits were determined,

including the 6 daily orbits in the last 6 days. The values of the orbital para-

meters are listed in Table I (pages 43-45).

The accuracy of the orbits varied a great deal, the presence or absence of

Hewitt camera or kinetheodolite observations being a decisive factor. On 16 of

the 18 orbits with Hewitt camera observations, the standard deviation in

inclination i was between 0.00010 and 0.00070, with a mean of 0.00040

(equivalent to 50 m in positioQ). On 15 of these 18 orbits, the standard

deviation in eccentricity e ranged between 4 and 15 x 10-6, with an average of

10 X 10-6, equivalent to /0 m in perigee distance; the standard deviation in

right ascension of the node S was 0.0020 or less on all 18 orbits.

On 40 of the 44 orbits without Hewitt camera observations, the standard

deviation in inclination ranged between 0.00050 and 0.00160, with an average of

0.00100, equivalent to 120 ci in distance. (The remaining four orbits, for which

'I observations were deficient in either number or variety, had accuracies between

0.0018 and 0.0025 .) On 40 of the 44 orbits, the standard deviation in

eccentricity rangeo from 5 to 21 x 106, with a mean of 12 x io6, equivalent to

to 80 m in perigee height; and the average standard deviation in 0 was less than

0.002 I



Thus the presence of Hewitt camera observations improves the sd in

inclination bv a factor of 2.5, buit in eccentricity by % -act,,r of only 1.2: for

accurate values of eccentricity, a wide geographical distribution of observations

is more important than very accurate observations from one site, and the Cape

kinetheodolite, because of its geographical advantage, was often just as

influential as the Hewitt camera in determining e

Within PMRP, the mean inomaly M is expressed as a "ol vnomial in time t

of the form

"" + I1 t - .t" + . 5. 5 (t)

where t is the time in days after epoch. Mo is the value of 1 at epoch, and

M ... M5 are coefficients which are included if they are needed. With 10 of

the orbits, only Mot MI and M., were required: this implies that the drag

remained nearly coustant during the time interval covered by the ooservations.

On the remaining orbits argier numbers of M-coefficients were needed, as a result

of variations in density. The density at heights near 240 km during 1073 and
5

1074 has been determined by Walker at average intervals of about 2 days:

irregular dav-tr-dav variations of up to about 207, often occur. and the amplitude

of such variations would be- larger at the heights being sampled by 1Q73-27B

during its first year in orbit (350-400 km). The density at these heights at

weekly intervals during 1974 has been determined by Brookes and Moore 0 from

analysis of the orbit of i973-27A.

The use of num~erous M-coefficients is not to be reconmnended, because of

their possible correlations with other parameters. Htere o'.- extra M-coefficient

has been used only if: (a) the value of the measure of fit t- is reduced by at

least 20:; (b) the standard deviations of the main orbit parameters are reduced;

and (c) the value of the new N-coefficient is at least 5 times its standard

deviation. The ingredients of a good orbit - exemplified by No. 8 - are

(i) having accurate observations, well distributed geographically, and

(ii) fitting with mo, M1 and M, only, preferably with a low value of M.,

The values of M and M2 are of course very well-determined on all the

orbits. M being accurate to I part in 106 (except on the last orbit) and K,

to I part in 100 (except on orbits 4, 26 and 28).

For most of the orbits, changes in the assumed value for the density scale

height H had a negligible effect, and HI was taken as 50 km. The effect of IH

was appreciable only on the last four orbits, when the perigee heights were 4-
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'0O1, 193, 180 and 158 km respectively, and values of II were taken as 10, 2O , 2'6

and 20 km respect live ly, in accordance with the COSPAR 1n e rtat ional Ref e-orence

Atmosphere 1972 (Ref 7).

Table I shows the wide variation in the number of observations per orbit,

between 20 and 98, with a mean of 45. The time intervals covered by the observa-

tions range between I day (for the last 6 orbits) and 9 days, with a mean of 5

days. The values of e (except on orbit 57) were between 0.40 and 0.88, which

is very satisfactory.

The last six kdaily) orbits were of excellent accuracy and consistency. The

satellite burnt up near the Azores at 07.05 LIT on II January l175, so the epoch

of the final orbit is only 7 hours before decay. Two US Navy observations at

05.59 UT were, not surprisingly, rejected by PROP, and their sd was artificially

increased (to about 10 kin) to ensure that they were used in the final orbit, to

strengthen the values of the ,N-coefficients.

3.3 Variation of the orbital parameters

The values of inclination on the 62 orbits of Table 1, with their standard

deviations, arc plotted in Fig I. The general ,!--crease due to the effect of

atmospheric rotation is visible, with a hint of an inc,'ease at the time of the

31:2 renonance; but the values are rather scattered, and no conclusions can be

drawn until the lunisolar, zonal harmonic and J, perturbations are removed (see

section 5).

The 62 values of eccentricity are plotted in Fig 2, their standard devia-

tions being too small to indicate. Fig 2 shows clearly the oscillation due to

odd 7onal harmonic perturbations, which is of amplitude 0.8 \ 10-3, together with

the general decrease in eccentricity due to air drag. The points have been

joined by a broken curve as a guide to the eye. Any perturbation due to the 31:2

resonance must be very small compared with the major perturbations due to zonal

harmonics and air drag.

Fig 3 gives an alternative plotting of the eccentricity, using e and the

argument of perigee W as polar coordinates. In the absence of drag, the locus

of the points would be a circle with its centre at the point C on the e sin ,,

axis: the action of drag converts the circle into a decaying spiral. The day-to-

night variation in air density displaces the centre of the spiral from the
. 8

e sin ul axis , but this is scarcely perceptible in Fig 3, where the spiral is of

classic regularity until the last few days in orbit. (The variation of e and

W in these last days is discussed in section 8.3.)

V



Fig 4 Shows tilt Values O~f tle righ1t ascvlnsionl of the node, which dcecreases

smo~othly and almost l inearly, at a rate of IS-' deg/day initial ly, increasing to

S.9deg/day ('n tilt t inal orbit,

1-ig 5 gives the valueS of thle Orbi tal decay rate M1 As time passes, theK

satellite gradually sinks lower into the atmosphere. and there is a general

increase inl the decay rate. The values also reflect the semi-anlnual variation inl
5

air density , with minima, of M.) in August 1973 and January 1974, separated by

maxima inl October 1973 and March 19)74. The minimum in July 1974 is just visible,

but tile massive inicrease inl September-Oc tober 1974 is caused mainil by thle

decreasing height of the satellite,

4 ANALYSIS OF THE OBSERVATIoNS

The residuals of the observations utilized inl orbits 1-50 have been listed

with thle aid of thle ORES program ,anld have beenl Sent to thle observers. Table 2

gives the ruis res iduals for the s tations (inl ninie dii fevent Countries) having

five or more observations accepted. The jngular residuals for Station 29 are

geocentric. and need L,.; he multiplied by I factor of about 5 to make them

comparable with the other ( topoi'ent r ic) vailues, Thet res i- duals for observations

onl the last six orbits are not given.

The residuals inl Table 2' are generally rather larger than in other recenit

orbit determinat ions, using s imiliar Observations one1 likely reason is that

1973-27B oftenI mo(.ved rapidly (at I deg/s or more) reaieto the star back-

ground: such rapid motion inc reases the anigular error res--ul ting from timing

errors. The Hiewi tt Camera at Malverli, which has vory accurate t iming , isI

Unaffected by the rapid motion, and the total rims residual for thle camera is

onl1V 2 sCIcondLS Of arc., as usual . But for the visual obser-vers the itiminig errors

whlen obser-ving 1 973-2711 (about 100 ills) were more imlportanlt t han anlgu 1"'- el''ros,

and the alonig-track residuals usually exceeded the cross-- track tea iduaIs . l i is

tendenev is visible in Table 2 for thle Brit ish observers,. who oftc mk lade the ir

observations of 14973-27B1 when it was at high elVaO'tionl inl the south0 anid wils

travelling from west. to east: inl these circumstanices the along-track errors are,

niaiinly in right ascensioi,* and thle right ascenlsionl residuials are ('n average about

twice those inl declimat ion for the seven1 Br i~iiSh obSer-vers Withi the mlost obsrVa-V.l

t ions accepted - Sttin 242, 2414, 2421 , 226S 2 419 2430~ li1 d 24218. TheL

declinat~ion ires idual s the i-c ore give a better idea of the anigular aec uracy o I thet

ObserverIS , and , S i neC t Ie nIt V 1 es10 i dUal IS tenld to0 be U11111 IV i nI It ItIet n Ced by onle p h' i

observa t ionl, it is fai r to !;ay t hat inl Pod c-Olld i t ionIS th vIsa I oVI b10Se 't- VV rS

Shoul1 d 1e Capable oI an 0 ;11tgll I X- aICctUIfC\ lbOkt 1, t hat he VI- Il' dcVcL'Ii natI io Ie i C duIals



in Table 2. (The relation between rms residuals and the average in best

conditions has been discussed in section 5 of Ref 13.)

Table 2

Residuals of the observations on orbits 1-56, for stations
with 5 or more observations accepted

Rms residuals
Number of

Station observations g Minutes of arc
accepted Range

km RA Dec Tot.al

I US Navy 143 2.2 2.3 3.2
2 US Navy 23 2.5 3.0 3.9
3 US Navy 40 1.7 1.6 2.3
4 US Navy 36 1.6 1.9 2.5
5 US Navy 35 2.1 2.1 3.0
6 US Navy 78 2.2 2.3 3.2

29* US Navy 987 0.6 0.4 0.4
86 & 2597 Rodental 15 5.1 3.0 5.9

161 Castlerock 5 1.8 1.1 2.1
414 Cupetownl 44 3.3 4.1I 5.3

614 Thallon 9 3.9 4.0 5.0
719 Rodewisch 22 5.0 3.4 6.0
759 Cluj 8 1.8 4.7 5.0

2265 Farnham 37 4.0 2.1 4.6
2303 Malvern camera 90 0.03 0.02 0.04
2304 Malvern radar 149 1.3 4.4 2.8
2414 Bournemouth 108 5.7 3.0 6.4
2419 Tremadoc 30 4.8 2.b 5.4
2420 Willowbrae 134 4.0 1.5 4.8
2421 Malvern 4 78 3.6 2.5 4,4
2428 Frimley 19 6.0 3.3 6.8

2430 Stevenage 4 20 4.0 2.0 4.5
2_28 Aldershot 16 2.6 3.0 4.0
2539 Dymchurch 5 3.5 1.8 3.9
2573 Genoa 1 14 8.6 1.1 18.3
2577 Cape kinetheodolite 96 1.2 1.3 1,7
2596 Akrotiri 21 4.2 4.6 6.2
4126 Groningen 10 2.2 1.5 2.7
4130 Denekamp 19 4.8 4.7 0.7
4156 Apeldoorn 15 5.7 3.5 6.7
4159 Achel 2 5 4.3 6.7 8.0
4165 Groningen 3 5 9.2 5.3 7.4
8517 Sacramento I 23 5.3 4.8 /,1

Others 85

Total 2420

Geocentric

0t

0
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It is also probable that the accuracy of the visual observers was adversely

affected by the extreme brightness of the satellite, which was sometimes of

magnitude -2. Reference stars were often lost in the glare as the satellite

passed them, a situation scarcely conducive to good accuracy. This difficulty,

aggravated by the high angular velocity of the satellite (often more than I per

second), proved too much for some of the inexperienced visual observers, and only

743 of the original 1400 visual observations were accepted in the final orbits.

Of these, 18% were from Willowbrae (R.D. Lberst), 15% from Bournemouth

(D.J. Hopkins), 10% from Malvern 4 (D.M. Brierley), 6% from Cape Town

(W.P. Hirst), 5% from Farnham (D.G. King-Hele) and 4% from Tremadoc (D.C. Mason).

Thus 58% of the accepted visual observations came from only 6 observers - a

pattern familiar in many previous orbit determinations

The US Navy and Malvern radar observations, for which timing is by

electronic methods, also have rather larger residuals than usual: probably the

errors were increased because the satellite was so large that it produced

multiple radar reflections.

The kinetheodolite observations were also less accurate than usual. There

are two possible reasons: first, the unuoually rapid angular tracking rates

needed on transits at high elevations might have had a bad effect; second, and

rather paradoxically, the clear skies of South Africa and the brightness of the

satellite combined to allow an exceptional number of observations at very low

elevation, often less than 100, for which errors in the atmospheric refraction

correction would be larger (see section 5).

5 REVISION OF THE ORBITS

When lunisolar, zonal harmonic and J 2 , 2 perturbations have been removed, the

values of inclination (outside the 31:2 resonance region) should lie on a smooth

curve, slowly decreasing under the influence of atmospheric rotation. (The
14

effects of other perturbations, such as Earth and ocean tides , are expected to

be less than the standard deviations of the values, and are ignored.)

With the orbits originally computed, however, the values of inclination,

after removal of perturbations, did not lie on a smooth curve, but were quite

scattered. The theoretical curves for various atmospheric rotation rates A

were calculated, and a value A = 1.0 between launch and resonance seemed to fit

the scattered values best: after some trial-and-error experiments with orbits

1-7, a mean curve was established, with A = 1.0 . On Lte assumption that the

mean curve was more likely to give the correct value of i than the scattered

orbits, any orbit between No.8 and No.27 that did not fit the curve was re-run
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%.ith the inclination fixed at the value indicated by the curve. Any observations

which could not tolerate this inclination were then omitted - with the exception

of the Cape kinetheodolite observations, for which the a pr.ori error was

doubled if the observation was rejected or had a large residual. The orbit was

then again re-run, with the inclination free. On most occasions, the revised

orbit thus obtained had both a lower value of E and lower standard deviations

than the original orhit, as well as an inclination closer to the mean curve: this

is a strong indication that the non-conforming observations were in error. (If

C was not reduced, the new orbit was not accepted.) A similar procedure was

applied afterresonance. It is of course these revised orbits that are given in.

Table I and Fig 1, and, when the perturbations are removed, the values of

inclination decrease quite smoothly, as Fig 6 shows, except near resonance.

It may seem disquieting that such refinement is needed: the need arises

because of the vulnerability of least-squares fitting to the influence of

observations which are in error by two or three times their pre-assigned accuracy.

Omitting such an observation can change the value of i by several standard

deviations. 'Wrong' observations are often very difficult to identify, however -

especially if isolated geographically - when fitting a changing orbit to the

motion of a satellite decaying under the action of variable air drag. To reduce

the rejection level to less than 3c would be to risk rejecting good observa-

tions, and a rejection level differing between one orbit and another would be

difficult to justify. So the technique of intr-..acing ir 1epe-ae' information

about the likely value of inclination seems io" :nly legitimate and logical, but

quite essential, if the dilemma is to be resolved*.

For 1973-27B, the problem can be seen in retrospect as largely stemming

from overweighting of the Cape kinetheodolite observations. These have a greater

influence than any other observations, because they are often both geographically

isolated and more accurate than any others (in the absence of Hewitt camera

observations). In the original orbits the accuracy of the kinetheodolite

observations was taken as 0.010 whenever this was the figure specified by the

observers. It would have been wiser to have used 0.020, for several reasons.

* Though the least-squares method has its virtues, orbit determination tends to

expose its weaknesses. Godwin said of Parliament, "To decide truth by the

casting up of numbers is an intolerable insult to reason". To decide that
'truth' is revealed by the exact location of a shallow minimum in a nearly

flat multidimensional surface may also seem an insult, when the removal of

only one observation can so alter the surface that the minimum may be

displaced by an amount much greater than the formal sd. It seems unlikely

that other methods can do much better, however, because there is no sure way

of defining a 'bad' observation.



First, alt~hough 0.01° ")in a fair 'round-number' accuracy estimiate, the average

error of' thee observat-ioN is probably rather larger, perhaps about 0.013
Second, all the ot~her observations Lire given pessiimistic (4 1)2-ovi accuracies-

that is why the values• of t- are, usukilly betweeni 0.5 and 0.8 - tind it is bad

practice to give heaviyer relative weighting to isolated observations. Third
Ltivtre are some doubts about th," accuracy of tihe station coordinates for the

kinetheodoliLe, which would argue for an error larger than 0.010 for h.gh-

elevation observations. Fourth, as mentioned in section 4, many of the kine-

theodolite observations of l973-27B were made at very low elevations, where the

larger, errors ill the refraction correction might vitiate the assumption of an

accuracy of 0.010. For these reasons, it is recommended that an accuracy of

0.020 should be used for the Cape kinetheodolite observations in future orbit

determinations: this will ensure that iuLure observations will not be lost

through rejection (a loss that call be ill afforded); and fewer orbits will be

disturbed by the minority of observations Lhat. would otherwise have been

vetrweighted.

0 TIlE 31:2 RESONANCE

b. I General

The orbit of 1973-27B experiunced thL, ej'fects of 31:2 resonance between

.July and October 1974, Exact 31 :2 resonance occurred on 23 August 1974

(KDl) 42282). The raw values ot inclination in F'ig I give a hint of an increase

ill inc liiation at tLhe thue ot thie' res4onanice, and this emerges more clearly when

thie perturbations arc, removed, as in Fig 0. Any variat ions in eccentricity due

to t'esonance tire masked in Fig 2 by tihe liarger var iationhs due to odd zonal

harmuonics and air drag. 'rhe removal of these effects is difficult. t, and is

discussed in section 0.4.

F . 2 Theory

The longi tudt,-dependt, ut part of t lie Eart L's gravi umttioloal pot.entLial at ane

textterior point (r, 1), )) may be writteni in normalized formt as

r i''(cos () Om s mi\ + S sin Ill N ,2)

V-2 M-1

, where r is th0 diSt IncC tVOlilo the i i 's cent'e, is co- lat it lde, \ i:

0I otigi tude (posit ivo to the oast) , is t.e gIt' Vit' t iOlmIl constant Io" thIe [",I Ith
3 1 ,"

N8,106 kill /.s' ) , ( Ea t he l".uthi', t or :m Iuýia d intis (0,178. I kin) , (co-s ) iq

WL,

, , ... i..... .... I I i i... I l.... " I • •
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the associated Legendre FunCtion of order m and degree V , and C and S f

are the normalized Lesseral harmonic coefficienLs. The normalizing factor N m

is given by 5

N 2 -2(2R + 1)(,- m)l (3)

N1  + III)!3

When a satellite orbit experiences ti: a resonance - that is, when the

satellite makes L0 revolutions while the Earth makes a revolutions relative to

the satellite's orbital plane - the caLes of change of inclination and eccen-

tricity depend on the resonance angle 4' , defined by

4' - '(u + M) + i(U - v) , (4)

where v is the sidereal angle. The perturbation produced in i and e by a

relevant pair of harmonic coefficients, C eInd -S m , may bc written16,17

di =n(1 F G (k cos i-i)-q
sin i a) Nimp tpq tl Z11JJ ' (5)

de n 2- R)mppq z G q-k q)e 2 -1 + 1 Cm '-S-- e , ( - ý )exp (y ,- q

.. .(6)

16
liere F' is Allan's normalized inclination function , is a function of

eccentricity e for which explicit forms have been derived by Gooding17, ,$

denotes 'real part of' and j - V-_1 The indices y, p, k and p are integers,

with y taking the values I, 2, 3, , and q the values 0, ±I, ±2, .... The

equations linking t,ni,k and p are 17 1 = ytý; k = ytx - q; 2 p = - k

For a particular fi :x resonance, the relevant value of ni in the C

S,, coefficients is decided by the choice of r since II y1i . There is a

series of possible values of - any values such that V III and (1 - k) is

Lven. The successive C qml S coefficients that arise (for given and q)

may usefully be combined in 'lumped' form and written as

-k '.,= Z"q'k Z q ' :(7)

Ill (• %" In '' Il
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where q itireases in steps of 2 from its miiaimuu permi-.,sible value 0 ; the
q,k are functions of incli nation that can be taken as cons tant for a parLi-

cular satellite; aud Qq,k - when .

Hero, with 11 31 and 1 - 2 , the relevant harmonics are of order

m- 31y , where I , 2, 3, .... The harmonics of order b2, 93,, ... , are

unlikely to have much influence, and, ali'lough their effects need to be tested,

only thie I - I terms (that. is, tLhe effects of harmonics of order m - 31) will

be given explicitly.

Also, since k - 2 - q if ' - I , the valuc4 of (V. k) are even it

(Q + q) is even: so the relevant values of V are those for which (V + q) is

even and t > 31 ,

As pointedi out by Walker I tile q - 0, 1, •,... ,ters in 1he

expression (5) for (Ii /dt hwve (G coeff .fcientu; ol order I, vLe , (Ve)

since the ( ore17 H re J 3since tile (;pq "ire of order , For 19'73-2711, e is kit order O 0 3,(I ql]

So e 0- 0I for 610 , and Ontry the q -I trms ale 1 likely to a'Ifeet the

variation oi i . The situattion is different with the perturbation in C ,

because in equaLt ion (0) the term C 1 -- 4 (k (I) qV it; of order e t ore pq

"0 ; of ordett-- T lV to0r q - :L I Ott orderr '

l!e2 for Li t ; With L • 0.C00i , onlly thI q I" Lteris' 0 are like ly

to ofleet the variation ot ecceotricity.

So, when fitting theoretical curves to the variationsa of i and e at

resonance for 1973-2711, it is prolhablt Lhat the only terums needed will 1e those

with (,€, q) - (1, 0) for inclination, and ('), q) - (1, 1) and (1, -1) lor

eccentricity. Flxplicit forms for di/dt and de/dt in term, t of these Ilhree

(¥, q) pairs have been given in Ref 2. Here it is only nie cessary to quote.

explicitly the ( 1, q) (1, 0) terms for di/dt

d i , _12,'1 8 - - - - 2 Col, i)n i ,1 + C ONl
dt suin \,a/ L3,31, 15?3 I u I+. cos,'

s- n orin in- ,,,) , 8) ,

A

3 - 3 1 31
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and the (y, q) - (I, ±i) terms for de/dt.

d-; n( a) 1
3 1, 3 1 1 5 ; 3 1  sin(i - w) - 3-

+ 13F 3 1 3 1 , 1 4 C3 1  sin(q + W) - S3 coW( + )

+ terms in eql-I (q - ye2) cosiyn - (9)

In equations (8) and (9), the value of 4, is, from equation (4), given by

€D - 2(w + M) + 31(,2 -S ) 2 (10)

The values of 0 and 1 for 1973-27B between July and October 1974 are plotted

in Fig 7.

The lumped C and S coefficients in equations (8) and (9) may be

written in terms of the FVmp and R/a as follows:

- 2 - 4
0 2F 3 4 3 1 1 6  - ' 36,31,7

C C '' IIC + 6
31 32,31 - a 34,31 36,31F32,31,15 (a F32,31,15

.. . .18F 33,3 ",5,31,17
C31 C31,3 331 + 5311 ( C C3 5,3 1  ... (12)

31 7 ;.'3 1 ,3 1 , 15 17 1 3 1 , 3 1 , 15

2 4
1,3 14F 33,31,15 0- 353116 (R\1

i _3F. 1 3 1 34 ,31 - aC35,31 '.
31 31,31 13F31,31,14 13F 3 1 , 3 1 , 1 4

and similarly for S , on replacing C by S throughout. The nulerical values

of the lumped coefficients for 1973-27B, at inclination 50.04 , are

-0,2

C3 1  C3 2 , 3 1 - 7.4C 3 4 , 3 1 + 27.6C3 6 , 3 1 - 62.4C 38,31 + 89.0C4 0 , 3 1 - 71.IG42,31

+ 7.5C44,31 + 45.2c46,31 - 33.1C48,31 - 17.1; 50,31 + 31.4C 52,31

C3.+ 54O- 24.6c5(, + 2.5C5 + 18 4C4,31 46,31 58,31 8 60,31

S.... k14) i

•'--• . ... ~ +. 0c 5- 4..... 3 1.... ••• ........... -.2i!I.-"6C- .....9 " ", ....1 + 2 ."" ,, . . ............. ....8.4 C 6 ( -)].. -1 . ...- ...
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C 31 = C3 1 , 3 1 - 15".6C 3 3 ,31 + 92.8 35,31 - 316.3C37,31 + 692.2C 39,31 - 979.6C 41,31

+ 784.4C 43,31-64.0C 45,31-561.7C47.31 + 428.5C49,31 + 215.5C51,31

- 441.2C 53,31- 15.0[:55,31 + 363.1C 57,31- 72.9C 59,31-

(15)

3--1' C - 12.8- + 61.9035 -165.903 +268.7- -239.9C4

31 31,31 8C33,31 5,31 37,31 + 7C39,31 41,31

+ 35.7C + 161. .5C - 126.3C - 70.6C + 129. 1C
43,31 45,31 47,31 49,31 51,31

+ 20.3C - 110.6C + 1.7C + 91.. I -
53,31 55,31 57,31 59,31

and similarly for S . Equations (14)-(16) show that, if good values for the

lumped coefficients can be found, they will provide a stringent test of the

accuracy of future geopotential models with coefficients to degree 60 or more.

6.3 Analysis of inclination

The analysis begins 50 days before exact resonance, at MJD 42232 when

- -26.4 deg/day, and ends 48 days beyond resonance, at MJD 42330, when

= 42.9 deg/day. As Fig 7 shows, i increases more rapidly after resonance

than before, because of an increase in the orbital decay rate, resulting from the

satellite's decreasing height and the semi-annual increase in air density between

August and October.

The values of inclination were cleared of zonal-harmonic and lunisolar
18

perturbations by using the PROD computer program with I-day integration step;
Lhe perturbations due to the J Lesseral harmonic, which are recorded with

2,2
each PROP orbit, were also removed. The resulting values of i in the resonance

19
region were fitted using the THROE computer program with (y, q) = (1, 0). In

these computations the value of M on orbit n , at epoch t , was replaced by
2 n

(M1 )1+ - (MN )n

M2  2(t - tn)

because the numerical interraLion within THROE proceeds on the assumption that

M remains constant between time t and time tnL The use of M, ensures -

l-hat THROE correctly models the total change in M due to drag between orbit n

and orbit (n + 1).
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Tihe f irst TIiROE run using tilt, 17 orb i ts wi tIh an atLmospliecric rotLat ion rate

A - 1.2 reVv/da• Ily VV (t CO , Veo l ng resUl tLs thie iaisu re ot f it was I .03 and t lie

values of 10 U and 10 S wt, re U. 4 0.ot and -1 .0 1 0.4. However, several
'31 31

Of the orbits fitted badly, and a IprOccs of revision was startoed, similar to

that described in section 5. The ettects oe changing tile density scale height 11

and the rotation rate A were also assessed. Alteration of II had little
7

effect: tLie va luv chosen, II - 45 kill, was that obtained it'om ('CliA !~', for the

appropriate average level of solar activi y,, and average local Litte, at .3 height

uf 350 kin, 0.411 above tile ineaic perigee heeight'0 lPor tile rotaLion rate A

previous results21 indicate a moan value of 1.3 at a height of 350 kin, and since

THIROE revealed a s!iglitly (0.4%) better fit with A - 1.3 thian with A - 1.2

the highur value was iidopted.

In the final THIROE rLunI, with the revised orbits and (I, q) - (1, 0), the

values obtainied for the lumped 31st-ordV, r hiariiOni Cs were:

6-_O 12 0 -0 , '!
10 C23 - 0.8b t 0.32, 10 - -1.21 ± 0.20 . (17)

Tihe value of t wits 0.50. The titting ol. tihe. theoretical curve to thie iildivid-

ual values, alfter removal of perturblLions due to atmoslpheric rotatLion aid l uni-

solar precession, is shown by the unbroken line in 1 1Pig 8. The f i t is good, alld

it is perhaps surprising that tie sLa adard deviations of thie coulticicints are nlot

smalle: this is Imaiillly due to tle thigh correlation between them (0I.89). The

amiplitude of the oscillation in i due to El~rth and oce-ni tides 14 is expected to0!
be nbout 0.00030 (35 li), and since u111 y oVe 01) the 17 valuties has a sItaInM'd

deviationl as low azs this, it is nott 11etCt0S8illy ito malke anly !ld~justlllelltS tllt tile
tidal effects.

The orbits were also fitted using (), q) - (1, 0), (1, 1) and (I, -I): but

L scarcely changed, and the extra cLI ticijents wefe ihndet e1rinilt, . fuIirther

fitting, with (1, q) - (1, 0) Illnd (2, 0), reVIulted ill a 4% ilncIreast, ill

little change in tihe lunmped 31st-ord, r harmonics t, though their sd increased by

more than 75%), and itideterlt nate Vallties t or tlie 0I21ld-or'detr telhi1.S, which the, ref eo e

appear to be or tit) significance.

The standard deviaLtioilsl of lie values t17) should bie re l iable: TlHlROE works

oil thie assumitption that the orbit.s are i adependelit, and tI tils sellas fair, h ecaIuse

therte were 0i1ly two orbits 5tIor which .1i a0%, o0boCerv ati onlo It the elld WereV re-ulse, d

at the beginning oft lilte next orbit, to 11lake u1 tilt' ItlllimberoI. I rrol'Sr dule to errol
C-4"

-. e in the chosenl value, ci[ A aile notl Iaktin 1l010 ~irritcluiti ,but s•hotild niot be

__ -'i~. .*.. - -
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signif icant because a change of 0.1 in A alters the values of the

coefficients by less than 25% of their sd.

6.4 Analysis of eccentricity

The eccentricity of a nearly circular orbit like that of 1973-27B suffers

important perturbations from the effects of (a) tile odd zonal harmonics in the

geopotential and (b) atmospheric drag: both these perturbations need to he care-

fully removed if the effects of the resonance are to be exposed. Lunisolar

perturbations are small and easily removed.

The perturbations produced by the effects of odd zonal harmonics on a drag-

free orbit of low eccentricity are well-known--; but their removal from an orbit

suffering other unknown perturbations (due to drag and resonance) raises many

difficulties. The method adopted here was as follows. Tile variation of

eccentricity with time on a drag-free orbit, initially coinciding with that of

1973--27B, was calculated by numerical integration at 1-day intervals with the
18

aid of the PROD computer program , for a gravitational field with zonal

harmonics up to the 20th, plus lunisolar perturbations. The variation in eV

which may be denoted by A\ez 11 , gives the perturbation of eccentricity on the

drag-free (and resonance-free) orbit due to zonal harmonics and lunisolar

perturbations. In the absence of drag. AezH depends* on the argument of perigee

t, , and it was assumed here that the appropriate value of .\eZH to be subtracted

from the observed value of e at each epoch was the value given by the drag-

free calculation not' at the epoch, but at the slightly different date when ,, on

the drag-free orbit had the same value as on the actual orbit. This difference.

though never more than I day, was significant because the values of ,, on the

actual orbits differed from those on the drag- and resonance-free orbits by up to
30, and a 3 change in w changes Aet by 4 - I0- , hIich is comp~arable with

the standard deviation of some of tile values. If the actual values of ,,

differed more widely from those on the drag-free orbits, this method would be

open to criticism, but it seems likely to he accurate enough here.

Fig 9a shows the values of eccentricity from the PROp orbits, e , as

c ircles, and the values of ev after removal of odd ronal harmonic and

* On a drag-free orbit, ,e - - $e - 2etC sinl + C• $ , where e is the

observational value of eccentricity, and tv is a constant expressible' in
terms of the odd zonal harmonic coefficients. .7 " 5 etc.S,,R sin i,-
6 - 2..1 (_313 + terms ill J5 etc)] For 107-1-2711, 8 02 "10- .If e

is not too snmall, t, is the amplitude of tile osci lation in e caused by odd
zonal harmonics.
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lunisolar perturbations by the method described above, as triangles.

"(CI .. ep- eZH). The approximately sinusoidal variation in e , indicated by

the broken line, has bectn removed with apparent success, but there remains a

considerable variation in e attributable to air drag and possibly resonance*.

The values of eI were now used as input for a THROE run, and (after

removal of air drag perturbations within THROE) were fitted by the theoretical

equation (9). As in t 'tting of inclination, H was given its mean value of

45 km, since the mean vaiL of z - ae/H was near 0.4, and the scale height for

use in the theory should be evaluated at a height O.4H above perigee when

z - 0.4 (see Fig 6.3 of Ref 23). This fitting of eI by THROE proved

disastrous, giving c - 8,8 : it was clear that a fundamental error was being

made.

The error was fairly obvious - a failure to allow for the day-to-night

variation in air density. At heights near 350 km with low solar activity, the

maximum air density (in the afternoon) exceeds the minimum (at night) by a factor

of about 3. The air drag model within THROE takes no account of this day to-

night variation in air density, which can have a great effect on a near-circular

orbit . To illustrate the effect, assume that e - 0.0035 , so that apogee is

45 km higher than perigee (if a n 6700 kin); with H - 45 km , the density at

perigee would be 2.8 times greater than the density at apogee, in the absence of

day-to-night variation. Suppose first that perigee is at the day-time maximum ot

density and the apogee at the night-time minimum: then the perigee density would

exceed the apogee density by a factor of about 9. In these circumstances the

orbit contracts like a normal orbit of higher eccentricity, with e2 decreasing

linearly and proportional to the remaining lifetime of the satellite. Thus,
2

since the "'ining lifetime is about 200 days, e would decrease by 10% in

20 days. I suppose the situation is reversed, with perigee at the night-time

minimum and apogee at the day-time maximum. Then the air density at apogee is

slightly greater than at perigee, and drag is likely to be nearly constant round
2

the orbit. In these circumstances e would remain very nearly constant, and

might even increase slightly, instead of dekreasiing by 10% in 20 days,

* Odd zonal harmonic perturbations have to be removed outside THROE, because the
effects of air drag are treated within THROE by using PROP subroutines in
which the values of eccentricity are corrected for air drag on the assumption

that they are not seriously perturbed by any force other than air drag. For
many orbits, this procedure is of adequate accuracy, but for 1973-27B the
change in the perturbation in e between successive orbits cari be an

appreciable fraction of e itself: foe example, between MJD 42309 and 42317,
where 103e = 2.0 , the perturbation to 10 3 e changes by 0.4 (see Fig 9a).
In these circumstances the values of e have to be cleared of perturbations

A before being used in THROE.

_ "• :.... .• , =--.,r--r• •-- -. " -"'I -
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A general analytical theory for tile effects of the day-to-night variation

in air density on orbits with z , I is available 24; but when z " I the
8

results are very complicated, except in certain special cases, , .i low drag, or

constant sun-perigee angle, or weak day-to-night variation I'nfortunately

1973-27B does not qualify for any of the special categories, so an analytical

correction for the day-to-night variation in air density is not available, and

the correction has to be made to each orbit individually. The correction has

been applied using a simplified theory given il Lithe Appendix, which assumes that

tile atmospheric density depends on the geocentric angular distance from the point

M of maximum density, taken to be on the equator at 14h local time (the time

indicated by (,R1 ld,'2). The geocentric angle p between M and perigee for

11)73-27B during the resonance phase is shown in Fig 10, with the local time at
perigee matrked oil the curve. and M at either 1411 or 16h local time (tile time

indicated in Jacchia's 1977 model 25) . In calculating the effects between orbit

n and orbit (n + I) the mean value of € between the two orbits is taken, and

the correction to be applied for the effect of the day-to-night variation, elDN

is found by integrating from orbit to orbit. The values ofe DN for tile 17 3
orbits, shown in Fig qb, are far from negligible: the total chage is 0.5 • 10

which may be regarded as equivalent to 3 km in perigee distance; and even thie

2-hour change in the time of assumed maximum density has an appreciable effect.

With UDN available, a doubly corrected value of e , given by

C2 a eI + LN call be formed and the values of L2 call be fitted using THROF.

The previous attempt to fit eI had been disastrous because the fitting was not

only bad but also gave no hint as to how improvements might be made: nearly all

the values seemed to be wrong - as in fact they were. When the values of e

were fitted with equation (9) by using TIHROE there was a great reduction in t

from 8.8 to 4.1 , and there was also a clear indication that three values (at Ml.7)

42232, 42245 and 42303) were failing to fit. It would have been possible to omit

these values, but the numerical integration of $ would then be over different

time-intervals in tile fittings of i and of eL it is better to keel-, the values

of 4 exactly the .imv as on the fit tings of i and of e , by adopting the

alternative strategy of increasing the standard deviations of tile ill- fitting

vilues by an arbitrary factor of 10, to destroy their influence. With this

alteration, the value of c decreased from 4.1 to 1.72.

The effet'e of changing the as sunlod local time of tihe maximum deiitiyL frow

14h to 10i was now toeted. The value of i nc.reased from 1.72 to 2.9}5, so it

wi s clear that ml1aXimum dens it at 141h gave mu111ch bettor ro esults, C

AS1.-
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In the fitting with E - 1.72, there were still two somewhat errant orbits,

at MJD 42238 and 42324. At each of these epochs there were several earlier runs

(nearly as good as the final orbit), on which the values of e differed by up to

3 sd from the value on the final orbit used to obtain e : the sd of e was

therefore increased by a factor of Y"1 on these two orbits. With this change,

the value of c fell from 1.72 to 1.08: this fitting still left room for

improvement, however, because the largest weighted residual (1.6) was for the

orbit at MJD 42245, for which the sd had already been increased by a factor of 10.

In least-squares fitting) the largest weighted residual has the greatest effect

on the sum of squares, and it would be absurd to allow this 'discarded' orbit to

exert so great an influence; so its sd was increased by a further factor of 1.6.

The resulting (and final) fitting of the values of e 2 by THROE, showni by

the unbroken line in Fig 11, gave u - 1.03 and yielded determinate values for

all four of the lumped harmonics, as follows:

b-I,I 6_I, I
10 C3 1  - 18.0 ± 10.0 10 $3 1  = 26.8 ± 11.1 (18)

106C - 38.2 ± 4.2 10 S31  - 19.4 + 2.8 (19)
31 3

In Fig II, the weighted residuals for the three values with grossly inflated

standard deviations (shown by squares) are 1.1, 1.0 and 0.6: their rms, 0.93, is

quite close to the overall rms, 1.03. So these three orbics do not significantly

affect either the fitting or the sd of the lumped coefficients. When these

three orbits were omitted and the remaining 14 orbits were fitted, the value of

L increased from 1.03 to 1.06, and the values of the lumped coefficients changed

by less than 10% of their sd in (18) and (19).

The effect of taking the point M of maximum density at 16h local time

instead of 14h was tested by making a further THROE run with the values of e2

suitably altered. The value of c was 1.58, as compared with 1.03 with M at

14h. This comparison is not entirely fair because the accuracies of some orbits

were adjusted to improve the fitting when M was at 14h local time. When M is

at 16h, the orbit at MJD 42324 no longer requires its sd increasing by a factor
of 40-, but the value at MJD 42238 requires a further relaxation: so the sd of
th first was divided by vTO and that of the second multiplied by /FO. A new

fiLtLing by THIROE, with these changes, give 1 I .34 , still cousiderably higher.

Thus the results are sensitive to the assumed local time of maximtum density, and

a better fit is achieved with M assumed to be at 14h.

L,1.



b.5 Simultaneous fitting of i and e

17
The SIMRES computer program allows a simultaneous fitting of i and e

for one or more satellites. If the e terms in equation (8) are important, it

is clearly preferable to make a simultaneous fitting, with

(•, q) - (1, 0), (1, i) and (1, -1). But for 1973-27B the e terms in equation

(8) are not expected to be large, so the advantage of a simultaneous fitting is

in doubt and must be judged empirically.

The fitting was made with the weighting of the e values degraded by a

factor of 1.58, which is the ratio of the values of L on the fitring of e and

i by THRUE used as input for SIMRES. The values of the lumped coefficients in

the simultaneous fitting were

6-.0, 2 0,

10 C3 1  = 1,46 ± 0,39 10 S31 = - 1.12 ± 0.25 , (20)

, 20.8 1,,

6-10 20.8 3 10.1 10 S 3 1  - 24.7 ± 11.4 (21)

6--1,3 06-1,3
IC 3 1  W - 36.1 ± 4.3 10 S 3 17.8 + 2.8 . (22)

The fittings of i and e using these coefficients are shown by the broken

lines in Figs 8 and 11. The SIMRES fitting of i is coasiderably worse than

the fitting of i alone with (y, q) - (1, 0), the sum of squares of weighted

residuals in inclination being 6.7 instead of 4.4. With e the simultaneous

fitting is almost as good as the fitting of e- alone.

6.6 Discussion

It is difficult to decide whether to recomnmend the values from the

individual fittings, equations (17)-(19), or the values from the simultaneous

fitting, equations (20)-(22), or a mixture of the two. If the results from i

and e were equally reliable, the simultaneous fitting would be preferable. But

if i is more reliable than e , the results obtained from fCtting i alone

could be 'contaminated' by being forced to accept less reliabl,. values of the

* (•, q) ± (1, ±1) terms dictated by the variations in e . Noting that (a) the

correction eDN to e was very sensitive to the assumed form of the day-to-

ni-,ht variation in air density, (b) three values of e failed to fit, and (c)

ti> others were given increased sd, we have to conclude that the fitting of [

is more reliable than that of e . The probable dif ferenct in rtliabiliLy sirms
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great enough to justify a preference for the fitting of i alone, equations (17).

This opinion - and it is only an opinion, not a certainty - is reinfOrced by the

fact that the unbroken curve in Fig 8 fits much better than the broken curve,

which is disturbingly oscillatory. For eccentricity, the choice is not important,

since the values (18) and (19) are so close to (21) and (22). If i is more

reliable, the fitting of e should benefit from a contribution by i and the

values from the simultaneous fitting, (21) and (22), are therefore preferred.

Of the three pairs of lumped coefficients, (17), (21) and (22), the third

pair may seem the most accurate because of their proportionally smaller sd. But

it is probably fairer to compare the absolute values of each sd after division

by the largest numerical coefficient in equations (14)-(16) respectively. If

equation (14) is written in descending numerical order of coefficients, we have:

- - -0,2
C40,31 - 0.799C42,31 - 0.701C + ... + 0.0112C3 1

= (9.0 ± 3.6) x 10-9

(23)

on using the value of C from (17), Similarly, for S
31

-9
40,31 - 0.799S42,31 - 0.701S 3 8 , 3 1  + " . (- 13.6 ± 2.2) x 10 9

Equation (15), treated in the same way, yields

C4 I 3 1 - 0.801C 4 3 3 1 - 0.707c 3 9, 3 1 + "'" " (- 21 1 10) x 10(241 3 43 3139 3 (24)

--4 ,3 1  0.801S 4 3 3 1 -0.707S 3 9  + . - (-25 ± 12) x 0 J

Equation (16), with similar rearrangement, gives

C 3 9 ,31 - 0.893C41,31 - 0.617c 3ý,3+ + (134 ± 16) 10I2

(25)

-9S 39,3 - 0.893S41,31 - 0.E' '5... = (66 ± 10) x 10

-. Looked at in this light, the first pair of coefficients emerges as the most

accurat~e.
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The geopotential coetficients of degree • are expected to be of order of

tuagnitnde 10 / * that is, of order 6 10 f o • 40. So the lumped

coefficientu, being made up of perhaps 10 or 15 significant tertms, might be

expected to be of magnitude 20 I0. The pairs (23) and (24) fulfil this

expectation; but the pair (25) does not, and the C coefficient in particular

seems unduly large. No explanatiou of this anomaly can be offered at present.

The values of the lumped 31st-order coefficients depeund critically on

inclination and the numerical factors in thie expressions (14)-(16) look quite

different to those in the corresponding expressions2 for Proton 4 (inclination

51.5 as opposed to 50.0u). For example, L41,3 i multiplied by - 979.6 in

(15) and by - 534 for Proton 4; C43,31 is multiplied by 784.4 in (15) and by

256 for Proton 4. * he equation from Proton 4 corresponding to the anomalous

C equation in (25) is

C3 9 3 1 - 0.585C4 1 31- 0743 + *." " (bl t 18) ' 10-

So Proton 4 also gives a large and positive value, on the right-hanld side, though

the numerical factors on tihe left-hand side differ eQ1oughi to rule out any strict

comps" i son.

7 UP'PER-ATMOSPIIERE ROTAT ION

7.1 Perturbations in inclination

The values of inclination, after removal cf relevanu perturbations, should

show a continual decrease produced by the effects of upper-atmosphere rotation,

and it is possible to determine the upper-atmosphere rotation rate A from the

variation in inclination, Fig 0 shows the values of inclination after removal of

zonal harmonic, J2, and lunisolar perturbations, as dLescribed in section 6.3,

with the curve of Fig 8 drawn in across the resonance region.

In assessing the significance of other perturbatious, it should be

romembered (a) that only one of the 02 orbits has a noininal accuracy bet-ter than

30 m, and (b) that the satellite was 25 m long, atnd that the observations relied

Son reflections, either radar or optical, comling f rom any part of it. Because of

these uncertaint-ics, perturbations of order 50 m or less must be regarded as

negligible, Among these negligible perturbations are the effects of Earth and

ocean tides (35 m), solar radiation pressure (10 m) atnd moridionaL winds (20 i).

The unimportance of nieridional winds may .,eem surprising, btecalso suc-h winds can

0have appreciable effects on an eccentric orbit when the perigee is at particular

local times. Moerid[onal winxds have a divirn1al vari:st ion, however, beiLng aWay t•'om
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the equator by day and towards the equator by night , and for a nearly circular

orbit like that of 19•73-27B, they will tend to cancel. Even if the meridional

winds are consistently in one direction, however, their effects still tend to

cancel on a near-circular orbit. The effect of a constant 100 m/s south-to-north

wind on the orbit of 1973-27B has been calculated: the maximum change in inclina-

tion produced was 0.000160 (19 in), which must be regarded as an upper limit,

since a constant wind is unrealistic.

Theoretical curves of the variation of inclination with time for 1973-27B

have been calculated for a range of atmospheric rotation rates A using the

program ROTATM, which is based on a lengthy theoretical equation (quoted

explicitly by Walker 0), which takes account of atmospheric oblateness, and the

variation of scale height with height. The only other effect which might be
27

influential is that of the day-to-night variation in density, but theory

indicates that this effect is small unless the orbit is close to certain

conditions of resonance between the motion of the Sun and that of the perigee:

these conditions do not arise for 1973-27B.

7.2 Rotation rate from June 1973 to July 1974

Between launch and the 31:2 resonance, the theoretical curve with A = 1.04

best fits the points in Fig 6. Tile fit is entirely satisfactory, and the value

of A is quite accurately determined by the end points. The first 8 orbits

serve to define the starting value as 50.04420 ± 0.00020. The final value can be

specified in two ways: either (a) from the group of three accurate indepenent
0l

values near MJD 42200, which gave 50.03900 + 0.0002 at MJD 42210, equivalent to
50.0385 0 ± 0.00020 at MJD 42232; or (b) by the curve of Fig 8, which shows that

the mean of the oscillatory fitted curve is 0.00060 above the observational value

of MJD 42232, giving 50.03870 ± 0.00020 (on doubling the nominal sd). Both (a)

and (b) therefore give essentially the same result an! if we assume that

i = 50.0386 ± 0.00021 at MJD 42232, the decrease in inclination from the start

is 0.00560 ± 0.00028°, giving an error of ±5% in A . Thus A = 1.04 ± 0.05

between 17 June 1973 and 4 July 1974. This value is averaged over local time,

because (a) the orbit is so nearly circular and (b) the (ill-defined) perigee

moves through two day-to-night cycles between MJD 41850 and 42232 (see Fig 15).

To find the effective height y, at which this first value of A applies,

we note that the mean perigee height between June 1973 and July 1974 (see Fig It)

was 355 kin, where, from C'T.4 1.07,% the average value of H in 1973-4 was 50 km.
0'?[ The average value of z = ae/tl is therefore 0.7 and theory- indicates that y.,
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should be taken at 0.5H above perigee. So A applies at a mean height of 380 km,

with a possible error of about 5 km.

The curve drawn through the mean values of A obtained in previous
21,28

analyses , reproduced in Fig 12, shows a maximum of about 1.3 at a height of
350 km with a rapid decrease to about 1.0 at a height of 400 kin. The value

obLained from 1973-27B, namely 1.04 ± 0.05 at 380 ± 5 km, is below the curve, and

suggests that the decrease in A may occur at a height about 20 km lower than

the curve suggests - at least in 1973-1974.

For 1973-27B, the effective height YA decreases from 390 km initially to

365 km in July 1974: so, if the curve of Fig 12 is correct, the value of A

should increase between June 1973 and July 1974. A slightly lower value over

the first six months and a slightly higher value over the next six months, would

fit the values in Fig 6 just as well; but the decrease in inclination is too

small to justify more than a single mean value.

7.3 The 31:2 resonance (4 July to 10 October 1974)

In the analysis of the resouant variation of inclination (section 6.3),

better results were obtained with A = 1.3 than with A = 1.2 . This cannot be

called an 'evaluation' of A , but does show that the observed variations arc

consistent with a value of A of 1.3. The effective height YA is 350 km, and

the value is shown by a diamond in Fig 12.

7.4 Rotation rate from 10 October 1974 to decay (11 January 1975)

The value of inclination at the end of resonance is of course just as well

defined as that at the beginning, and from Fig 8 it appears that the last value

in the resonance period, at MJD 42330 (10 October 1974), coincides with the mean

of the oscillato.'y fitted curve. So this value of inclination, namely 50.03710

(after removal of J 2 ,2 lunisolar and zonal harmonic perturbations), serves as

a secure starting point for the continuation of the theoretical curve. The

rominal accuracy of the value, 0.00010, can appropriately be doubled to allow for

other sources of error, such as the averaging of Earth and ocean tide

perturbations.

The most accurate value of inclination between MJD 42330 and decay is that

at MJD 42393, namely 50.02940 (after removal of perturbations). It seems appro-

priate to select A so that the theoretical curve passes close to this point: if

we take A - 1.34 , all the observational values between MJD 42330 and MJD 42409

are satisfied to within 1.1 sd. Fig 13 shows the observational values and the

-. I- - -,. . . - -
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theoretical curve for A = 1 .34 with a Lime scale wider than in Fig 6. Some

of the values beyond MJ,) 42409 are also satisf ied by the A = 1 .34 curve, but

the last [our values are far above this curve, and it is obvious that a lower

value of A is requi.ted at the end of the life. The value which best satisfies

the last four points is A = 1.06 , and this curve intersects the A = 1.34

curve at a date close to MJI) 42409 (1974 Doc 28). Sc the theoretical curves

chosen Lo fit the values are A = 1.34 for MJD 42330-42409 and A 1.06 for

MJD 42409-42423. The change-over or 'hinge-point' at MJD 42409 is marked with a

black disc in Fig 13. (Using more than two values of A would give a closer

fit, but the two-value fitting is adequate because it satisfies all the points to
within 1.1 sd.)

The accuracy of these two determinations of A is quite difficult to

assess. It seems reasonable to assume that the curve is accurate to 0.00050 at

KID 42393, where the observational v\'lue has sd 0.0005) and several other points

nearby art' adequately litted. But the two further points, at. MJD 42402 and

42409, do not strengthen the accuracy: they merely confirm it. So the A = 1.34

curve will be taken as applying between MJD 42330 and 42393, and as measuring a

decrease of 0.00800 in inclination w Ih an accuracy of 0.000540 (or adding in the

error of 0.00020 at the start). This gives A = 1.34 ± 0.09 . Between MJD 42330

and 42393 the perigee height decreases almost linearly from 316 kini to 266 kin,

with a mean of 290 km (see Fig 16); so the effective height yA is 305 - 5 kin,

being 0.411 above perigee, where H 40 kim.

The A 1 .06 curve at the end of the life fits the last four points very

well, and since their mean sd is 0.0006", the curve should be accurate to about

0.00030 at the end of the life. Ln assigning an error to the starting value, at

M•D 42409, we note that if the A = 1.34 curve is accurate to 0.00050 at

MJD 42393, tue extra error incurred through A being 10% in error thereafter

would be 0.00040, giving a root-square total of 0.00060 at MJD 42409. If we

accept this assessment, the error in A is 6%, or 0.06. It could be argued

that the task ol assigning a realistic error is impossible, but a tentative

estimate is still helpful. The height at which the value A = 1.06 applies is

also questionable: the mean of Lhe firsst and last perigee heights is 200 kin, but

:.Ji the curve is largely determitned by the last four values, when the per igee height

decreases I ram 201 to 157 km., wi Lh a mean of 180 kim. I t seems reasonable to

take the mean perigee lieightZt as 190 j: 10 kimn. addition of 0.31t, where

H 30 km , gives y, - 200 1 I0 km.

CD
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7.5 Analysis in terms of orbital. period

When e < 0.006 and z < 0.8 , an for 1973-2711, the lengthy t1eoretics l
t0

equation giving the change Ai in inclination when the orbital period T1d

changes by ATd may be simplified to

. . i 4 + (d I 0 + c) cos 2., + Cc 4 0(0.01)2

Ad 6~ 0 z

where I (z) is the Bessel function of the first kind and inianignry argument, of

degree n and argument z ; the factor v1r." is nearly equal to I, being given by

T •" I - 0.040A for 1973-27B; and c expresses the effect of atmospheric

oblateness, with c - 0.15 for 1973-27B. Since 12/t0 - 0.07 for z - 0.8

the variation of i with Td should Ie nearly linear if A is constant; thus,

when the variation of i with time is non-linear, as with '173-2711 after

resonance, a clearer picture emerges if i is plotted against Td , as in

Fig 14. After resonance, z , 0.4 , so that 1,/10 < 0.0? , and the

oversimplification of assuming that const-atL A corresi-monds to 'onstanit slope is

correct to ±27. The unbrokei lines in Fig 14 corres1pond to the ,A - I 1.34 antd

A , 1.06 curves in Fig 13. and hoth have beetn ointi nued as brol,',n lines beyond

the hinge-point at MJD 42409, marked by tho black disc. The need for two sl iopes

is obvious, and although the exact choice of slope and of the hiinge-pooiut is

arguable, there is apparently no other preferable pair of hiinged lintis p,,ss i ng

through the point at the end of resonance.

7.6 Discussion

The three values of atmospheric rotation ra-te (rev'/day) olbtained from this

analysis of 1973-27B are:

A - 1.04 t 0.05 at height 380 1. 5 k1m. for Wutiw 1073 to htlyv 1074;

A - 1.34 t 0.0) at height 305 ± 5 kim. for 10 October to 28 lo.c 174;

A - 1.06 1 0.06 at height 200 J 10 kin, for 28 'I' , -c 174 to 11 ,ani li Th.

All three values are averaged over local Litlie, Iet'l-ue I the orbit is so near v

circular. (For the third value the local time at. p'rigee is n10.ar in idiight, 1;as

Fig 15 shows; but the orbit is very ntearly cilreCla1r'. with o 0.001 ,.and the

midnight perigee would tiid to eqti-tlii, e thet drrag roulld (1w orbit.)
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The values Nit A obtained here, are noL especially accurate, licause the

total decrease in in- iination is quite ninall (0.030); but. the val ues do harvt tihe

virtue that they cover a wide range of height. The existing curve tor the

variation of A with height, reproduced in Fig 12 - showing A near 1 .0 at

200 kin, 1.3 at 350 km and 1.0 at 400 kil - is based on a compilatiou of results

frout many differunt satellites, at diffurunt dates, latitudes, etc. Now this

curve has for the first time been tLated by reautts from a single satelliLe, with

confirmatiou of iLt general form, though the decrease ill A at heights between V
350 aud 400 kil may have occurred at a lower height in 1973-4.

Average values at A lower than those given by the curve ol Fig 12 have

been obtained in two recent papers 10'11 foir huights of 220-320 kln dut'ing tile

years 1971-1975. These results, from analysis of tile satellites 1971-10(A

(inclination 60() and 1971-18B (incihnatlion 7 0 o), are in conflict with thie high

value of A (1.34) obtained from 1)73-27B at. 305 km during the last three xnontlhs

of 1974. Thlt difference may b'n a latitude effeat, resulting from the lower

inclination of 1973-27B: a '-ndeoncy for low-inclihation satetllites to give high
21

values of A has been noted previou8ly , and it is probable that most of tile

'super-rotatLion' of the upper atmosphere occurs at latitudes below 40 .

7.7 Collnlmnelts oil the accuracy of the orbital model ill PROP

There is one furtlher question which arisos when (as here) the values ot

inclinaLioun obtained are pressed to tLho limits of their fonmal accuracy Lo

extract infornat ion on A . The question may be posed provocatively ui the

form: "in the Nd ot' a PROP orbit. at a part.culau epoch iunvitlidatud by the

ncglect of lunuisolar lperturbations within the PIROP model duving til.e 5 days or so

over which tle obsrvatioonn t, teold?"

Lunaiolar perturba ioens lo1 1073-2.711 have beeni computed aLt dai.ly interv 'ivat;

us iIl PROI)TU , For eccentricity, the remultas show that l nisol ar perturbatIton

are uugligible, neover moro IthleIn' in: this is because e itself is l to small. Vl'o

inclinat ion, tihe vaii' ati onl aure MU0h larger, often of' order W(ill ove| i ive dayq .

Tile orbits 1likely to be affevcted are the most acicurate ones, name111t'ly orbits Nos.

2, 8, 14, 15, 19, 23, 27 and 34. for which thle sd in ini'cliat ion is less 0h.a

50 in. The otr:wi dt,enprt ure, of i froLtl ita vol tIe at epoch, due to Inniaol lr

pertUrbhationa duri, tilh days cov, red iy the obsrvat i onis for thet, 1 ni ln, orbits

are 28 ni, 89 li, 3 li, 24 at, 43 ni, 05 in, 10 li, 19 i ankd 38 in rospcct i y, lv . Sityt'i

(a) the e oth in alwayn t akeii an os,.r ;1 ponnsibh' to tilt' mid-poinit ill t iellv of the

observatioti:o anld (h1) 11t0 h tI ciIVIhati on inl i is u sually luounotonli over t ivo'

dayn (it' not, it is nt,1l), the orbit dete l'minetd will t, e d to avoergo out tlt'
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Peirturbat ionsa not inicluded inl 010 PROF Model1 , s0 ha1t, hilt 14'4UI [111nt Otrolr ill

inc hlinton at. 4')OL'l, kSi say, shId 11 be Iloethan aot.!tiLl, Ilamu

pert.urbationl, at; recorded above. For e igh t. oth liv 1642 orb i is, thet value Of

thug defined, is less than of the standard deviationi o of t he inic iination ais

gi ven inl Table I , anid therefore would niot. be expected to at ± ct o aipp roe i ibiv

Tilt one doubtfful orbit: isi No. 8, the ilicst aecut-a t v of all , whi oh

unifortunately alIso has the largesf 1uni sola~r pertiurba tion * For thin Oilbit. PROP1

gives oY - 0. 000 12o , which is equ ivaln 1 Li o Idma, anld 0he Inn i So Ial pim turbat ionti

inl i at 00 hours oin the 7 days ecentred onl epoc-h (expressed as equivalent,

*distances) Lire: 89 Lilt 66i sa, 35 in, (0, -33 ill, -Yi) in, -(no il. Thlt variation WWIh

ttime is nearly l inear, except- for the lAst. value, NO tho aver11aginig effect i~lisp1ici

inl thC orbit. deo truinat ion should ensure that. orroIron tro his Source do, not. iluch

exceed 10 ill. The accuracy canl also bo assessed frtom n di fiervnt. argulenti. it. isa

the HewiL t c~aiiera observations that ire. respan ib li for o being as smnall as

*14 ill, and thlere wore two NLtLS Of these c411ne i's obser4vl-t1 ions, At 2 110ur1S And tit.
27 our% after epoch. Since these obijervat~ions art, doaaiwnhmt , hc orb it. will he

'most vorrect.' about. 14 hours ifter epinch, wi Lb i~ inn Niisolar pert urba tionsi wi 11
away frunt epoch easily falling Within theL obiservational acouracy oit the less

accquato observationi avail lble there. (The notuaai na ecaaa'acy of' thlt. obsvrva t ionls

* ~is 5 aM for the Hlewi tt cainera, alid 200 ill or muore tora the other obgerva Lions.

This ar-gumient indicates the importalnce of' takinig t he oepoch I or orb it dct ermiai nation

as8 Close AS p)ossible to Ltie Rowl t. t camaera olbserva ions . 1 Lilt, ho411 bet~woen epotch

and thei time wheni orbit No.$ is 'niost- correct ' the Inni~o1at' perturbatimn is

illa: Lo be rva I istL ic , there loro , thle s t~aldard devvint i on of i on orb it 8

probiabl tisneds to be dubiled, to 0.000.'( ). No cl.-igtag inl the inyn vsi s is~ 'cqipite-d,

since 0.0002 0 han already beven t akon as thli acen racy t or tit le mea of' tilit, firastI

eight. orb i ts . Nor is any chanige nevedod inl Fig 0, whito toeven ii dotibled sd i s

still too small to $fhow.

8 ANALYSIS OF VAR'IATIONS IN ECCENTRItVIlY D)UE, TO AIR ORAG

8.1I Decrease ill a (I-

If the varitatitons inl eecen t 'i cit y due to z'onla harmollit' lod I kill i so 1 at'

pertLurbAt ionls are remo11ved, the aenia ilnli Var i at ion inl t (outs ide t(ho aesoiaacoe

region) should be emused a lmos ct j a'tirly lv the otlot' of, atianosploie ic driag. It

We acc~ept Lihtt boory for tilhe of to c of nir drag I illo(v' V-:altion inl C Can111

*analysed to dort ermin vithler (n) va 1 nts at sa clao high gu Ii I tilt, i act or V



defining thie amp li tude oI thie day-to-night densi ty variat ion* is assumed known,

or (b) values of F , if 1I LS assunied known. Alternatively, we can assulme that

tile VwIuCS of IH and F gi yen by Ih'A 12 are correct - because previous orbit

analyser;(O'5 indicate that the CJiRA values of II are correct to ±10% for

1973-4 - and then compare the variation of eccentricity predicted by theory with

the observed variation. The latLer approach has been adopted here, because the

theory for an atmosphere with day-to-night variation in den,.iLy has not

previously been tested. We work with a(l - e) rather than e because the

zonal harmonic perturbation can be more accurately removed (the third harmonic
perturbation to e , AeJ 3 , is given by J 3 R sin i sin w/J 2a , so that aAeJ3

remains of constant amplitude as the orbit contracts).

The values of a(1 - e) from the 62 orbits, plotted as triangles in

Fig 15, have an oscillation caused chiefly by the effect of odd zonal harmonics

in the geopotential. The values of a(l - e) have been cleared of zonal har-

monic and lunisolar perturbations using the computer program PROD with integra-

tion at ]-day intervals. The orbits given by PROD are drag-free, and the

integration was restarted whenever w on the drag-free orbit departed from tLhe

real value by more than 3°. As explained in sect'on 64, the perturbation

removed from a(l - c) was the value indicated by PROD at the correct value of

u rather than at the correct epoch.

The values of a(0 - e) cleared of these perturbations are denoted by Q

and plotted as circles in Fig 15. It will be seen that Q continually

decreases: as expected, its slope is generally least when the local Lime at

perigee is near 14h (when the densicy is near maximum) and greatest when the

local time at perigee is near 0411.

Theory 2 4 indicates that the decrease of the eccentricity (cleared of

gravitational perturbations) should be governed by the equation

da 1 0l(z) 4I (z)F cos _ __ )I +

-dx l CZT +4 F75T+ 1 2 + I FCose , (27)

where q; is Lhe geocentric angular distance between the perigee and the point
p

M of maximum density (as in section 6.4) , z x/11 , and x is the value of ae

cleared of perturbations, so that x = a - Q , whence dQ/da I - dx/da . rhus

the theory gives

* The definition of F (see equation (A-I) of the Appendix) is such that the
ratio of maximum to minimum density is (I + F)/(1 - F). Fcr 1973-2711 during
"most of its life, F 0.5 , so that the ratio is about 1.
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I + ½(I0 + 12 )F cos pd1 I 0 J1 + 0(0.005)1 , (28)da 1I0 + I I F Cos @

on dropping the argument z . If values o 1-1 and F for the appropriate values

of height, solar activity, etc, are taken from C61ZA 1972, the right-hand side of

equation (28) gives theoretical values of dQ/da , which can be compared with the

observed values of LQ/Aa on orbits taken far enough apart to ensure that the

change AQ in Q between the two orbits can be accurately determined. Although

the ýiverage ad in a(I - e) is 80 m, the correction for zonal harmonic and

lunisolar perturbations may introduce errors of a similar order because of the

discrepancies between the values of w on the drag-free and actual orbits.

Thus, when two values of Q are differenced to obtain AQ , an error of about

0.2 km can be expected, and if an accuracy better than 5% in AQ/Aa is required,

values of AQ of 4 km or more should be used.

The histogram in Fig 17 shows the observational values of AQ/Aa

calculated on this basis. (The first value of AQ is only 2.6 kin, but it should

still be accurate to ±5%, being based on all average over 9 orbits.) Fig 17 also

shows the values of dQ/da given by the right-hand side of equation (28) when

values of H and F are taken from CIRA 1972 at the appropriate satellite

perigee height, as given by Fig 16, and the appropriate exospheric temperature,

taken constant at 800K (because there was little variation in solar activity in

1973-4). The shape of the curve joining the calculated values of dQ/da is

drawn to correspond with the rather erratic variation of 4p , shown at the top
p

of Fig 17. The broken curve in Fig 17 shows the values of dQ/da given by

theory with no day-to-night variation in density (F - 0).

Comparison of the theoretical and observational values of dQ/da in

Fig 17 shows excellent agreement, usually well within the possible ±5% error in

the observational values. The resonance region ought to be excluded from the

comparison, because other perturbations occur; but evon here the agreement is

quite good, except on the first value of AQ/Aa (which is affected by the large

increase in e between MJD 42232 and 42251 visible in Fig II).

The theoretical curve with F - 0 , shown by the broken line in Fig 17,

provides a good average value; but the theory with day-to-night variation in

density is obviously much better. Its departure from the mean curve is approxi-

mately proportional to F , so (if we accept the theory) we can ask whether F

is too small or too large. Tile answer seems to be that F is approximately

correct, thus confirming ngain the general accuracy of CIRA NY'?.

4.
• -' • ... . . . . ; 1,
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The values of dQ/da in Fig 17 beMore resonance are on average about 2%

lower than the observation•al valuCs of AQ/Aa: this bias could be Corrected by

an increase of about 4% in the assumed value of 11 . Although the observational

values have a 5% sd, the bias of 2% does persist over six successive values of

AQ/Aa , so it is probably significant. If so, the C:onclusionl is ,t'hcP' that the

CIRA values of 11 are about 4% too low o01 that 11 should be evaluated at a

height yH above perigee (where y - 0.5 here). The latter seems more likely to

be the correct conclusion and it fits in with the siwplifieJd theory of the

Appendix, where If has to be evaluated at the mean of the perigee and apogee

heights. This would imply that the treatment of If in an atmosphere where 11

varies with height23 can be carried over into tile Lheory for aln atmosphere with

day-Lo-night density variation. This latter theory has so far only been

developed24 on the assumption of constant 11

8.2 Variation of perigee height

Thu distancu of perigee from Lhe LarthI,'s centre is a(l - e) + di- , where

dr is a small perturbation which may be written
p

1.726R [ 2 2 2 2 2 2
drp -a( ) sin i-e(3 silli) + e (4- 5 sin i)- 2(I - +e )ninl i sin W

+ 0(e3)] kim . (29)

For 1973-27B, with error less than 30 in,

dr - 0.97 - 1.94 sin W ki . (30)
p

The perigee height y is obtained by subtracting the local Earth radius2, , 2

(- 6378.14 - 21.38 sin 2 1 si(w) from the perigee distanc,. Thus4, for 1973-2711,

y a(I - e) - (6371.86 + 5.31 cos 2-W) (31)

The values of y) a'e plotted ii Fig 16, whicli has alrready been used in choosing

values of 11 and in assessing thie eflfective heiight yA at which A appllie's.

The high peaks in Fig 16 Occur when perigee is at max imumi •Iatit ud, somith; tlit.

lower p( Aks at nlorthern apex.

8.3 Values of eccenttric ity inet deca~y

-The values of occenltric y ill [,i 3, l ter,[a tracinll, (wult a spiral lock.s

through most of the sate, I i.e's lifet, Shi It to a dii I eClent patht dr I, t last

,a
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8 days, because (a) the decrease in e due to drag begins to overcome the

increase due to odd zonal harmonics, and (b) the day-to-night variation in air

density begins to have an increasing influence on the argument of perigee.

The general equations for the variation of the eccentricity of a near-

circular orbit in an atmosphere with day-to-night variation in density involve

lengthy expressions with Fresnel integrals of three different arguments. The

equations simplify, howevev, as decay approaches and indicate that z - ifcos p
-1 p

and w -4 tan (- cos i tan W'), hero M' - S1 - L - 30 , if the maximum of the

daytime bulge is at 14h local time and on the equator. Here L is the solar

longitude, which increased from 2820 on 3 January 1975 to 2900 on I I January

1975 (the day of decay). The theoretical equations also indicate that
2. . 2 2H

cos (cos 1 + sin i Cos t)i at decay.
p

This theory has not been subjected to a practical test, because no high-

drag circular orbit has been determined wiLh sufficient accuracy at daily

intervals. It is therefore useful to test the theory by trying to interpret the

variations of e and w for 1973-27B in its laAt days. The limiting values

quoted in the previous parag aph may be regarded as 'end-values' towards which

the orbit would be moving in the absunce of the odd zonal harmonic perturbations.

Let the suffix F denote these 'final' values, so that, on any of the last days

of the satellite's life, we canl obtain values of zF., WF and tpF from the

equations

z - IFcos Ip1 (32)

-F 0 tani (- Cos i tan ,') (33)

cos 4, - (cos 2 i + sil2" Cos2W) (34)

Values of zF and wF have been calculated for each of the last 7 orbits and

are plotted as triangles linked by a broken line in Fig 18, in the

(z cos w, z sin w) plane.

iThe corresponding observational values of z cos w and z sin w from the

last 7 orbits (with one exception) are indicated by circles in Fig 18. The

exception is 7 January, for which tile values ot e and w in Table I give a

non-conforming point, indicated by a cross; this point could be omitted, but

instead it has been replaced by values of c and w from a previous orbit at

the same epoch, for whichi 103 e - 1.248 and u - 31. These are tle values

indicated by the circle in Fig 18. (This orbit is also used in Fig 3, with the 4"

orbit of Table I as a cross.)
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hli the absence of air drag, tile future variation of z and w, in Fig 18

would be (approximately) motion round a circle centred at tloe point (, 0.81 ).
This point is the equivalent of the point C in Fig 3, but it is no

longer fixed because It decreases steadily, from 32 km on 3 January to 19 km on

II January. The single-headed arrows in Fig 18 .,how the expected progress along

the appropriate circle in one day (or 3 days for the first point) on the basis of

a 6o daily advance. Drag lhas the effect of 'attracting' tihe point away from this

path and towards the relevant triangle: this 'attraction' is suggested by double-

headed arrows, their length being (arbitrarily) increased as decay approaches.

At first, drag has little effect and the actual path is close to the

circle; but drag gradually takes commnand, and by January 11.0 the drag and

gravitational effects are in opposite directions, with the drag dominant. As

heighit decreases, F (and hence z,,) tLnds to zero and so both loci in Fig 18

are heading towards the origin.

Thus the actual variations of z and w are as would be expected on tile

basis of the theory.

The theory also predicts that, a nearly circular orbit decaying in an

atmosphere with a day-to-night variation in density will adjust its perigee

position so thiat the perigee moves towards the point of minimm density in the

orbital p1iane. When perigee is at the minimum-densiLty point, 1p always

exceeds 90 but cannot reach 180 unless the orbital plane happiens to pass

tlhrough tile minimum-densi ty point.

In Fig 19 the triaugles show th, values e 4lit" in tile last days of the

satellite's life, from equation (34), which assumes that Hit, point. of maximum

(or minimum) density is on the equator. The circles in Fig 19 show values of

i on tile actual orbit-s,

Fig 19 provides strong support for the theory, since thle real values of

ýp are not only ý. 40, as expected, hut also within 1S0 of the corresponding

ýPF * IIn early January the point of m11.nillumll density is likely not. to be on tile
25o

equator, as assumed, but at a latituide pe rhaps as high as 30)"N. the effect of

such a change may be roughly assessed by taking a smaller value of inclination

iin equaLion (34) . If i is taken as 3V) instead of 500, the curve of 4p in

Fig 19 moves upward and nearly coinci&ds With 4 1 , as show by the dotted line.

So even tile small difference betweent and 41 ill Fig I9) can be explained.

[AIL,
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9 CONCLUSIONS

9.1 Orbit determination

An average accuracy of about 90 ui radially and across-track was achieved in

62 orbit determinations, based on the observations listed in Table 2. Accurate

daily orbits were determined in the six days before decay, with the aid of NORAD

and US Navy observations.

There was unacceptable scatter among Lhe values of inclination originally

obtained. This scatter, which was eventually eliminated, resulted partly from

Lhe slight uverweighting of geographically isolated observations, and partly

from tLie inherent defects of least-squares fitting.

9.2 The 31 :2 rsonance

The variations in inclination and eccentricity during 31 :2 resonance

(July-October 1974) were successfully analysed, after some difficulties over the

removal of perturbations in eccentricity caused by the day-to-night variation in

density. The analysis yielded values of six lumped geopotential harmonics of

order 31. In these lumped coefficients, harmonics of degree up to 60 are

significant and the lumped values should provide a test of the accuracy of

coefficients of order 31 and degree 31 to 60 in future evaluations of the

geopotential which go to order and degree 60 or more. (Current models30 do not

go beyond order and degree 36.)

9.3 Atmospheric rotation

Three good values of the average atmospheric rotation rate have been

obtained over a wide range of height. These show, for tie first time from a

single satellite, the peak in the rotation rate at heights of 300-350 km Going

upwards in height, the values are 1.06 ± 0.06 rev/day at 200 ± 10 km in Janiary

1975, 1.34 ± 0.09 rev/day at 305 ± 5 km for October-December 1974, and

1.04 ± 0.05 at 380 ± 5 km for June 1973-July 1974.

9.4 Variations in eccentricity

During most of its life the satellite was moving through an atmosphere with

a Large day-to-night variation in density, which strongly influences the orbital

eCceLltricity: the day-timetmaximum density exceeded the night-time minimum by a

factor of about 3, and the ellipticity of the orbit was nearly equal to the

ellipticity of this day-to-night 'bulge'. The variation in a(l - e) was
t u24pred icted usilug theotry pre~vious Cv uites ted and vqhlus of atmospheric parameters o

-"I-Lr
S. . . . I I I ml --j,
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from OIRA 197ý: the predicted values agreed well with the observed variations in

a(I - e) duo to drag, thut vindicating both the theory and ('11-A 10,2.

The daily orbits near decay were accurate enough to provide a practical

test of the specialized (and also untested) theory 8 for near-circular orbits
about to decay in an atmosphere with day-to-night variation in density. The
theory givos specific end-values for e and w and predicts that perigee should,

in defiance of the normal effects of the J 2 harmonic, move towards the point of

minimum density on the orbit. Both these predictions were tested and

satisfactorily confirmed.

0

I,
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Appendix

CORRECTION TO ECCENTRICITY TO REMOVE THE EFFECT OF THE

DAY-TO-NIGHT VARIATION IN AIR DENSITY

Quite realistic models now exist which specify the variation of upper-

atmosphere density with height, local time and latitude. Here we require the

best simple approximation, and we assume (as in Ref 24) that the air density p

at a fixed height y depends only on the angular distance ( from the point M

of maximumday-timedensity, taken to be on the equator at 14h local time, and is

given by

P(y) - p(y){I + F cos ¢} , (A-I)

0

where p is the mean density (when ( - 90 ) and F is a constant, which has a

value near 0.5 in the atmosphere sampled by 1973-27B. When ( 900 (mean day-

to-night conditions), we assume that the variation of density with height can be

approximated by an exponential,

P(y) - P p exp (A-2)

where pp is the mean density at the perigee height y , and F1 is a mean

density scale height - the value which gives the best fit to the actual density

at heights between perigee and apogee, that is, for yp . y < y + 2ae . In

practice, of course, the variation of P with ( is not exactly symmetrical, as

in equation (A-I), and the variation of p with height is not exactly

exponential.

On combining equations (A-I) and (A-2), we have

/ y-y
p(y) - P { + V cos (} exp(- Y , (A-3)

p \Yi/p

for heights between perigee and apogee. Evaluating (A-3) first at apogee and

then at perigee, and dividing, we have

P I+F Cos 2a 2x , (A-4)
p I + F cos (p

where Pa, P are the densities at apogee and perigee respectively, and
at PI"(p the corresponding values of (p In calculating the changes in e due

to air drag, the theoTy calls for a value of' 11 appropriate to a height

2HWWN PA
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y + (H where y is a function of z - ae/H . For orbits with z > 2,pi
y r 1.5 ; but for 1973-27B at 31:2 resonance, z is near 0.4, for which y -• 0.4

(Fig i,.3o[ Rei 23). Thus, for 1973-27B, H should be evaluated at a height

yp + 0.411 , which happens to be half-way between perigee and apogee height, since

0.4H ae . This means that H may be taken equal to H , which has already

buen defined as the appropriate mean value of density scale height between

perigee and apogee. Thus z = ae/H and since 0 a p + 1800 , equation (A-4)

becomes

P I - F cos4 _
p ____F__o---ka. exp(- 2z) (A-5)

p 1 + Fcos 0
p p

Over a time interval of a few days, when 4p can be regarded as fixed, the

simplest way of approximating to an atmosphere with a day-to-night density

variation is to define an 'effective scale height' HE and a corresponding

ZL W ae/HE , such that a simple exponential model with scale height HE will

give Uhu same result as (A-5). Thus we require

Pap exp(- 2 z E) 
(A-6)

Pp

or, on using (A-5),
I + F cos 4p

z - z + Lln I + F Cos p (A-7)E 1 -F LOS 4

So the appropriate value of z at each epoch can be evaluated if F and sp

are known.

If the orbit is symmetrical relative to the 'day-time bulge' of density, ie

if (p = 0 or 1800 , the variation of density round the orbit should be well

approximated by a spherically symmetrical atmosphere with scale height I• . In

asymmetrical situations the approximation is not so good, but fortunately the

eflects of high drag on one side of perigee and low drag on the other (at the

same numerical value of eccentric anomaly E) combine to produce the same effect

as their mean, because e depends only on cos E and not on sin E (see Ref

23, equation 4.11). So the use of 1. , though obviously inexaLt, is a

basically stable approximation.

For 1973-27B in July-October 1974, the mean perigee height was near 330 kin,

and, guessing H = 50 km , we have to evaluate H at a height 0.411 = 20 km -
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above perigee, that is at 350 km. The mean level of solar 10.7 cm radiation was

90 N -221 -2 W z- , so with an allowance of 40 K for geomagnetic disturbance,

the mean day/night exospheric temperature for use in the COSPAR International

Reference Atmosphere 1972 is 800 K, from C1M 1M972, page 265. The CIRA tables

then give II - 45 km for y - 350 km , and also show that the ratio of maximum

day-time to minimum night-time density is 2.8, giving F - 0.47. Thus a/H - 150

and z - ae/F - 150e. Hence values of z can be obtained from equation (A-7)

for each of the 17 orbits in the reaonance region, taking F - 0.47 and values

of 1 from Fig 10.

Within THROE, the air-drag correction to c betweer orbit n at epoch t n

and orbit (n + I) at epoch tL+1 , is taken as

4M(

T 3M. I n

where M2  in defined in section 6.1, M is the value at epoch t , and yl(Z)21 3 1 n1

is a ratio of Bessel functions, approximatud by

(z) - 240z + 153z + 268z + 24z 4

480 + 3067 + 19bz 2 + +z 2 + 24z9

Equation (A-8) assumes a spherically synmietrical atmosphere: to allow for the

offeet of the day-to-night variation we need to replace 7, by zE in (A-8)

Thus, since THROE already makes the correction Ae1T , the .cxt.,a correction

required to take account of the day-to-night variation is AC DN given by

yl (z. )1)Ac DN .M I( A, (A-10)

The total correction at the nth epoch, o'1N is found by suomuin.g the values of

AD between epochs I and 2, epochs 2 and 3, ... , epochs (11 - I ) and n . The
DN

values of AeT for use in (A-I0) were derived in itialiy from a previous THROE

run and improved by iteration, only one iteration beinlg neteVded. The values of
II)N are shown in Fig 9b, the full line giving the valles when M is taken at

1414 local time, as indictLed by ('I,'A ..... , ;and the broken lint, when N is taken
2 5

at 6lh local time, as i icated in .Jacclhia's I177 atniesphe, rc iuiodel Chiangi ng

M to 1 h signlii icalnt ly changes t01)N Ind c'nu, i dt'rab I WOrStlIS the fit ol the
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theoretLical curve to the values of e (see section 6.4). Thus the simple model

used here works better if M is takeu at 14h. According to the recetat MSIS

atmospheric model 32, the local time for maximum density varies during the couhtse

of the year between 14h and 16h.

,,.-
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Fig 18
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